We use density functional theory to explore the interplay between octahedral rotations and ferroelectricity in the model compound SrTiO3. We find that over the experimentally relevant range octahedral rotations suppress ferroelectricity as is generally assumed in the literature. Somewhat surprisingly we observe that at larger angles the previously weakened ferroelectric instability strengthens significantly. By analysing geometry changes, energetics, force constants and charges, we explain the mechanisms behind this transition from competition to cooperation with increasing octahedral rotation angle.
I. INTRODUCTION
Materials with the ABO 3 perovskite crystal structure display a multitude of interesting properties of fundamental and technological importance such as ferroelectricity 1 , superconductivity 2 or metal-insulator transitions 3 and have been at the focus of intense research for many years. Most perovskites structurally distort from the perfect cubic P m3m structure and their properties are strongly affected or even determined by these distortions. Two of the possible distortions are antiferrodistortive (AFD: rotations of the oxygen octahedra) and ferroelectric (FE: polar displacement of cation and anion sublattices against one another).
The observation that the large majority of perovskites contain AFD octahedral rotations 4, 5 but that these distortions are absent in the most common ferroelectric perovskites such as BaTiO 3 and PbTiO 3 has led to the general opinion that octahedral rotations suppress ferroelectricity in perovskites. Theoretical studies on selected materials further support this point, as reducing the magnitude of octahedral rotations via tensile strain or artificially disabling them has been shown to induce ferroelectricity in several cases [6] [7] [8] [9] . One example recently studied in detail is the class of perovskites with the Pnma space group 10 , in which it was shown that octahedral rotations cause anti-polar displacements of the A-site, which in turn suppress the ferroelectric instability. It is however still unclear if AFD and FE instabilities are genuinely competing in all substructure types and if so, what the underlying microscopic mechanism would be.
In the present work we investigate the existence of this competition and its microscopic mechanism in the model compound SrTiO 3 (STO). STO exhibits antiferrodistortive octahedral rotations below 105K 11, 12 described as a 0 a 0 c − in the Glazer notation, 13 i.e. the BO 6 octahedra rotate around the c axis with rotations in consecutive layers being out of phase (Fig. 1b) . STO is also known to be an incipient (quantum) paraelectric 14, 15 , meaning that it shows a ferroelectric instability (Fig. 1a) , which is too weak to manifest itself even at the lowest attainable temperatures 16 due to quantum fluctuations. The relative structural simplicity and the co-existence of both in- stabilities make STO a good prototype material to study the competition between the AFD and the FE instability. In addition, since it is not a member of the Pnma (a − a − c + ) class, it allows us to study if the competition between FE and AFD exists also in the absence of antipolar A site displacements 10 .
II. COMPUTATIONAL DETAILS
We perform density functional theory (DFT) calculations using the Vienna ab initio simulation package (VASP) [17] [18] [19] [20] with the supplied PAW potentials 21, 22 considering Sr(4s, 4p, 5s), Ti(3p, 3d, 4s) and O(2s, 2p) valence electrons. Calculations were performed within the local density approximation (LDA) as well as using the gradient corrected PBE 23 and PBEsol 24 density functionals and the performance of the individual functionals will be discussed below. Electronic wavefunctions were expanded in planewaves up to a kinetic energy cutoff of 550 eV and the reciprocal space was sampled using a shifted 8 × 8 × 8 Monkhorst-Pack 25 mesh for the fiveatom unit-cell and the corresponding 4 × 4 × 4 mesh for the 2 × 2 × 2 supercells. Structures and cells were relaxed until forces converged below 10 −5 eV/Å. AFD rotations were imposed during structural optimisation by freezing the in-plane component of the position of the equatorial oxygen atoms. Phonon calculations were then performed using the frozen-phonon method within the phonopy code 26 and force constant matrices rotated for analysis so that the xx components lay along the appropriate bond axis.
III. RESULTS & DISCUSSION
A. Effect of the density functional Fig. 2a) shows the phonon dispersion for the high symmetry cubic phase computed using the PBEsol exchangecorrelation functional, imaginary phonon frequencies being plotted as negative values. We see imaginary modes at the R point of the Brillouin zone, corresponding to the antiferrodistortive (AFD) octahedral rotation described by the a 0 a 0 c − Glazer tilt pattern as shown in Fig. 1b ). The unstable mode at the M point corresponds to the energetically less favourable a 0 a 0 c + Glazer tilt, which we will not consider any further in this work. The unstable modes at the Γ point are the ferroelectric (FE) polar modes shown in Fig. 1a) .
While the R and M point instabilities are fairly insensitive to the choice of functional and volume, the polar instability exhibits a strong volume and functional dependence, which is shown in Fig. 2b ). At small volumes no FE instability exists for any of the functionals, whereas upon increasing the lattice parameter by merely 0.08 Å, all functionals predict a FE instability. It is interesting to relate these results to the calculated equilibrium lattice parameters shown as vertical dashed lines. LDA at the LDA equilibrium volume predicts STO not to have a FE instability. The gradient corrected functionals predict the existence of this instability at their respective equilibrium volume, PBE having a stronger instability than PBEsol. Comparing to the experimental lattice parameter, LDA and PBE respectively show the usual underand overestimation of the lattice parameter. PBEsol on the other hand results in fairly good agreement with the experimental lattice parameter. Given that in the present work we wish to relax the cell dimensions so as to obtain the tetragonal cell shape resulting from both AFD and FE distortions, the PBEsol functional represents the best choice. Therefore all calculations described hereafter were carried out using the PBEsol functional. We note however that all semi-local functionals (without or with +U correction) overestimate the equilibrium AFD angle and to obtain good agreement with experiment for this quantity hybrid functionals are a better choice [27] [28] [29] . We will briefly return to the reason behind this point in section III E.
B. Existence of the competition and cooperation
In Fig. 3 we show the depth of the FE energy doublewell (i.e. the energy difference E FE -E PE between the ferroelectric (FE) and paraelectric (PE) state) as a function of the AFD angle. The FE state was reached by displacing all atoms by a small distance (∼ 0.02 Å) along the bulk FE eigenvector and relaxing the cell and internal coordinates while keeping the fractional in-plane coordinates of the equatorial O fixed to impose the AFD angle. In the cubic structure (at 0
• ADF angle) we calculate that STO is FE with an energy gain of 0.8 meV per formula unit. As the AFD amplitude increases, the energy gain associated with the FE distortion becomes smaller, reaching around 0.2 meV per formula unit at the theoretical equilibrium AFD angle of 5.7
• . This small energy gain is consistent with the material's observed quantum paraelectricity, quantum fluctuations being sufficient to suppress the FE instability. The energy gain for the FE distortion then increases again rapidly and at 10
• is already almost as large as it was in the cubic structure. We note here that the FE mode frequency (not shown) follows the same trend as the well depth. The AFD thus renders the FE instability energetically and dynamically less favourable. We see that in the experimentally relevant range of angles ( < ∼ 6
• ) a competition exists, as the FE instability is weakened by the AFD rotations with maximum effect around the theoretical equilibrium angle. At larger angles, the AFD and FE cooperate, the FE instability increasing beyond that found in the cubic structure. In the remainder of this article we explain the microscopic mechanisms underlying these two observations.
C. Effect of geometry changes
Since we found the FE instability to be strongly volume dependent we next investigate whether the observed competition is solely a volume effect. We first calculate changes in lattice parameters and bond lengths induced by the AFD rotation. In Fig 4a) we see that, as expected for the AFD rotation, the cell becomes tetragonal, as the a=b lattice parameters decrease while the lattice expands along the c direction with increasing AFD angle. This is also reflected in the c/a ratio shown in Fig. 4b ), which increases with increasing AFD angle. It is however interesting to note that the a=b lattice parameter in Fig. 4a ) does not follow the dashed curve predicted for perfectly rigid TiO 6 octahedra, but remains larger at all angles. This implies that the Ti-O bonds of the octahedra are not rigid but stretch as the AFD angle increases. We see this to be the case in Fig. 4c) , where both the in-plane and out-of-plane bond lengths are shown to increase with increasing AFD angle. We also observe that the volume decreases with increasing AFD angle (Fig. 4b) , indicating a deviation of Poisson's ratio from 0.5.
In order to separate the effects of the different geometry changes, we perform computer experiments to isolate them, initially in the absence of AFD rotations. To test the effect of the cell tetragonality, we impose the cell parameters of the fully relaxed cell (i.e. the lattice parameters shown in Fig. 4a) ). To test the effect of Ti-O bond stretching, we impose cell parameters resulting in Ti-O bond lengths equal to those in the fully relaxed cell (i.e. cell parameters equal to double the Ti-O bond-lengths shown in Fig. 4c) ). The resulting depths of the FE energy wells for these two situations are shown in Fig. 5a ). We note that, since here we do not allow the cell to increase its tetragonality as a result of the FE distortion, the energy gain at 0
• AFD angle is smaller than in Fig.  3 . For both of these computer experiments (grey and red curves in Fig. 5 ) we observe an enhancement of the FE instability and these effects can hence not be at the origin of the observed reduction of FE by AFD in STO. It is interesting to note that the cell-shape mimicking distortion is associated with a decrease in volume, while the bond-length mimicking distortion is accompanied by an increase in volume. The FE instability hence seems to be fairly independent of the total volume within the relatively small range considered here, in contrast to the larger range shown in Fig. 2 . Given that the two curves in Fig. 5a ) are very similar, we identify a common structural parameter, which is the expanding c lattice parameter. In fact when we keep the c lattice parameter fixed at the cubic value and perform the same computation, we obtain the nearly flat blue curve in Fig. 5a ). These computer experiments in absence of AFD rotations indicate that a tetragonal cell strongly enhances FE along the expanded axis while the compression of the in-plane axes has only a very minor effect.
Thus far our computer experiments on the lattice parameters and cell shape but without AFD rotations have not found a reduction of the FE. Therefore, to gain further insight, we perform an additional series of three computer experiments, this time including AFD rotations. For the first experiment we keep the lattice fixed at the ideal cubic lattice parameters, while for the second we adjust the in-plane lattice parameters so as to keep Ti-O bond lengths constant while keeping the c axis fixed at the cubic value. Finally we perform a third series of calculations, where the in-plane lattice parameters are adjusted to keep Ti-O bonds constant and the c-axis is chosen so as to keep the volume constant. Our results are shown in Fig. 5b ). First we observe a complete suppression of FE for the perfectly cubic situation (grey curve, partly masked by the red curve). Changing the in-plane lattice parameters (red curve) results in no change of the FE well depth, which is consistent with the weak effect of the in-plane lattice parameters shown above without AFD rotations (blue curve in Fig. 5a ). If we however allow the c-axis to expand to keep the volume constant, we recover the marked enhancement of the FE with increasing AFD angle.
From the above results we conclude that expansion of the c lattice parameter, which occurs in all situations except for the perfectly cubic lattice, enhances FE 30, 31 . If this c-axis expansion is absent but AFD rotations are present, we observe a complete suppression of FE. Therefore at this point we can make the hypothesis that in the fully relaxed situation shown in Fig. 3 two competing phenomena occur: firstly, the cell becomes increasingly tetragonal, which enhances FE. Within the usual secondorder Jahn-Teller picture, this enhancement of the FE with increasing tetragonality can be explained by the loss of Ti-O π-bonding along the c-axis, part of which can be recovered by the FE distortion, combined with the reduction in coulomb repulsion associated with Ti off-centering when the atoms are further apart. Secondly, some aspect related to the AFD rotations -such as changes in bonding -suppresses the FE. The former phenomenon dominates at larger angles, leading to the observed reappearance of FE, while the latter dominates at small rotation angles. We will now focus on establishing the microscopic mechanism behind the second phenomenon.
D. Microscopic mechanism
In non-lone-pair active perovskites, it is generally assumed that the FE instability is driven by an optimisation of the B-site coordination (in terms of both geometry and bonding), whereas octahedral rotations are driven by an optimisation of the A-site coordination 5 . We see however from the displacement pattern shown in Fig. 6 that in the structure without AFD rotations the displacements of Sr in the FE distortion are significant and comparable to those of Ti, which is also reflected in the anomalously high Sr Born effective charges computed for STO 32, 33 . This indicates that in the cubic structure the FE distortion simultaneously optimises the A and B-site coordination. With increasing AFD angle the Sr displacement decreases and even changes sign, being in the same direction as the oxygen displacements at AFD angles larger than ∼5
• . At the same time, the displacement of the O atoms also decreases, more markedly for the equatorial than for the apical atoms. The AFD significantly shortens some of the distances between equatorial O and Sr, optimising the A-site coordination. As the A-site has already optimised its coordination environment due to the rotation, the driving force to further do so via the FE distortion is reduced. This is manifested in the decrease of all FE displacement amplitudes with increasing AFD angle up to about 6
• . At larger angles the FE distortion becomes energetically increasingly favourable and the Ti and O displacement amplitudes increase again. This is in agreement with the increased tetragonality of the cell, which is analogous to STO under compressive epitaxial strain 30 . The evolution of the cation displacement patterns is in agreement with the longitudinal interatomic force constants (IFC), shown in Fig. 7 . Negative values indicate unstable IFCs (the two sublattices displace against one another) and positive values stable IFCs (the two sub- lattices displace in the same direction). The IFCs show that the nearest neighbour Ti-O instability is fairly weak in the cubic phase and that the Sr-O instability is initially much stronger. As the AFD angle increases, part of the Sr-O instability is lost while the Ti-O instability increases. The FE instability thus has an important Sr contribution in the cubic phase but becomes increasingly Ti dominated at larger AFD angles. The compressed outof plane Sr-O IFCs become markedly less unstable with increasing AFD angle, changing from unstable to stable at around 4
• AFD angle. This angle roughly coincides with that where Sr starts moving in the same direction as O in Fig. 6a) , which is consistent with the crossover to stability.
It is further interesting to note here that when IFCs are computed using LDA and PBE at the respective equilibrium volumes, the Sr-O IFCs do not vary much from functional to functional. The Ti-O IFCs however are stable in the cubic structure using LDA (+0.8 eV/Å 2 ) but unstable with PBE (-0.95 eV/Å 2 ). Their change as a function of AFD angle is very similar from functional to functional, meaning that LDA Ti-O IFCs become unstable only at angles larger than 8
• and 10
• respectively for the out-of-plane and in-plane contributions. When using PBE, Ti-O IFCs are unstable for any AFD angle and become increasingly more unstable with increasing AFD angle. This shows that the large differences between functionals stem from their description of the Ti-O interactions.
In order to further understand the importance of the Sr displacement, we have, in analogy to what was done in Ref. 10 , computed the energy of the relaxed structure but with Sr ions returned to their position in the high- symmetry cubic phase. We see in Fig. 6d ) that this has a marked effect on the energy well. Its depth is reduced by almost a factor three and we now observe complete suppression of the FE instability at around 8
• AFD angle. This shows that in the cubic structure and at small AFD angles the Sr displacements of the FE distortion lead to strong bonding optimisation and hence have an important contribution to the FE energy lowering. The situation here seems to be different from Pnma perovskites, 10 because in STO A-site displacements do not suppress the FE instability but rather strengthen it due to their involvement in the FE distortion. This could however be related to the fact that here the A-site displacements occur along the AFD rotation axis whereas in Pnma perovskites displacements perpendicular to the rotation axis are favoured by the geometry.
We see in Fig. 6a ) that the Ti displacement initially decreases in magnitude with increasing AFD angle, following a similar pattern to the energy well shown in Fig.  6b ). We can understand this effect by monitoring the charges integrated over the PAW sphere of each ion. The changes in cation charges are about a factor five larger than those of the oxygen ions, therefore in Fig. 8 we show only the cation charges. We see that with increasing AFD angle Ti ions lose electrons while Sr ions gain electrons. An orbital-resolved charge (not shown) reveals that the electrons flowing away from Ti originate from the most energetic hybridised orbitals, which are formed by the shorter in-plane σ * Ti 3d,x 2 −y 2 − O 2p orbitals. The electron flow, which is associated with enhanced Sr-O bonding thus strengthens the Ti-O bonds by weakening their anti-bonding character 5 . These stronger in-plane bonds oppose the Ti off-centering and hence weaken the FE instability in STO with increasing AFD angle. At larger angles the effect of increased tetragonality enhances the FE again.
E. Second order Jahn-Teller viewpoint
The observed suppression of the FE distortion by AFD rotations can also be reconciled with a second order JahnTeller picture. In this formalism the energy as a function of a distortion along a normal-coordinate Q is expressed as a Taylor expansion around the unperturbed energy E 0 using standard perturbation theory 34 :
Where H 1 and H 2 respectively are the first and second derivative of the ground-state Hamiltonian with respect to Q, |0 is the ground-state solution of the unperturbed Hamiltonian with energy E 0 and |n are excited states with energies E n . The first-order term represents the usual Jahn-Teller distortion for orbitally-degenerate systems. The first of the second-order terms is always positive and represents the increase in energy due to repulsive forces when ions are displaced while electrons are kept frozen. It always favours the centro-symmetric structure. The second of the second-order terms represents the energy gain due to hybridisation following the distortion; ferroelectricity results if it dominates over the preceding term for a polar distortion Q. This term can only be nonzero for states of opposite parity such as those formed from the O 2p and Ti 3d orbitals that make up the valence and conduction bands respectively in SrTiO 3 . The tendency for ferroelectricity is larger for smaller energy differences between these states, which for the case of STO means a smaller band gap. It is hence instructive to follow the evolution of the band gap as a function of the AFD angle, which we show in Fig. 9a) . We see that the AFD rotation leads to an opening of the band-gap 35 and hence weakens the FE instability in STO by reducing the tendency for cross-gap hybridisation.
In this context it is interesting to consider if the underestimation of the band-gap within PBEsol is at the origin of the overestimated equilibrium AFD angle compared to experiment. In contrast, hybrid functionals, which yield a better description of the band-gap, also result in correct AFD angles. We have verified that the effect of a HSE hybrid-functional on the band-structure can, as a first approximation, be described by a rigid upwards shift of the conduction band relative to the top of the valence band. In order to test the hypothesis that this will affect the AFD instability we performed a computer experiment within PBEsol by applying an additional on-site energy to either the Ti 3d and Sr 4d states by means of the Hubbard U correction. The resulting dependency of the phonon frequencies in the cubic structure on the value of U are shown in Figs. 9b) and c) respectively. We see that the artificial increase in the energy of Ti 3d states at the bottom of the conduction band results in a very rapid suppression of the FE mode. This is in line with the small increase in band-gap shown in 9a) leading to the marked reduction of the FE instability. The AFD instability on the other hand is strengthened when the Ti states are shifted up, which hints at the fact that the coordination is increasingly optimised via Sr-O bond formation. Applying an on-site energy to the Sr 4d states supports this picture in the sense that both the AFD and the FE modes are rendered less unstable with increasing U. AFD rotations are no longer energy lowering beyond U ∼3.25 eV, whereas a small FE instability persists up to the highest U values tried here. This indicates that the AFD vanishes when Sr-O hybridisation is reduced, while the FE still persists, owing to its Ti-O hybridisation component. From Figs. 9b ) and c) we see that the suppression of the AFD from shifting the Sr states is more marked than the enhancement from shifting the Ti states, resulting in a net suppression of the AFD as the whole conduction band is shifted upwards. This offers an explanation as to why hybrid functionals describe AFD rotation angles better than (semi-)local functionals.
IV. CONCLUSIONS
Using density functional theory calculations with the PBEsol functional, we have shown that a competition exists between the antiferrodistortive (AFD) and the ferroelectric (FE) instability in SrTiO 3 . The AFD reduces the energy gain due to the FE by a factor of five between the cubic structure and that with equilibrium AFD rotations. The suppression of the FE over this range stems from charge transfer from Ti-O σ * bonds to Sr-O σ bonds. This decrease of anti-bonding overlap causes a strengthening of the Ti-O bonds and opposes Ti off-centering. At larger AFD angles we observe a surprising reappearance of the FE instability, which is driven by the increased tetragonality of the cell.
We further show by analysing interatomic force constants that differences between (semi)-local density functionals are mostly due to their effect on the Ti-O interactions and this is why they have a strong effect on the FE instability. We also show that the underestimation of the band-gap using PBEsol is at the origin of its overestimated AFD angle, as the AFD instability is strongly affected by the energy of the empty Sr 4d states.
